A CHARACTERIZATION OF M(G)

BY
ROGER RIGELHOF

Let G be a locally compact group (=locally compact Hausdorff topological
group). By the measure algebra M(G) of G, we mean the Banach s-algebra of
bounded regular Borel measures on G. By the group algebra L*(G) of G, we mean
the algebra of (equivalence classes of) complex-valued functions on G, summable
with respect to the Haar measure on G.

Recently work has been done on the problem of characterizing those Banach
algebras which are isometric and isomorphic to group algebras or measure alge-
bras. In particular, Rieffel [6] has obtained characterizations of M(G) and L}(G)
for G abelian, and Greenleaf [4] has characterized L*(G) for G compact.

The main result of this paper is Theorem 1, which characterizes those Banach
algebras which are isomorphic and isometric to measure algebras. For definitions
and basic results regarding M(G) the reader is referred to [S], and for results con-
cerning topological vector spaces to [1].

This paper formed a portion of the author’s Ph.D. thesis at McMaster University.
The author is grateful to Professor Taqdir Husain for his direction and assistance.

THEOREM 1. Let A be a Banach algebra, S its unit ball, and S°¢ the set of extreme
points of S. Suppose that

(1) there is a Banach space E such that A is the dual of E,

(2) for each x in A, the mappings y — xy and y > yx are o(A, E)-continuous,

(3) if x € A is such that xy=0 for all y in A, then x=0,

(4) if x € S¢, then the mapping y — xy is an isometry of A onto itself,

(5) S¢ U {0} is o(A4, E)-closed,

(6) there is a nonzero multiplicative linear functional p on A with the following
properties: if G={x € S¢ : p(x)=1} then

(i) for each f in E there is a g in E such that x(g)=x(f)~ (the complex con-
Jjugate of x(f)) for all x in G,
(ii) for f, g € E, there is an h € E such that x(h)=x(f)x(g) for all x € G.

Then G isalocally compact group in the relative o( A, E)-topology and A is isomorphic
and isometric to M(G). If S¢ is o(A, E)-closed then G is compact. G is unique to within
topological isomorphism. Conversely if G is a locally compact group then M(G)
satisfies (1)—(6).

Proof. We begin by showing that the measure algebra of a locally compact
group satisfies (1)-(6). It is well known that M(G) is the dual of Co(G) (the Banach
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space of continuous complex-valued functions which ‘““vanish at infinity”’). Thus
(1) is satisfied. By Proposition 1 of [7], (2) is satisfied. M(G) has a unit; consequently
(3) holds.

For x in G let ¢, be the Dirac measure at x, and let G¢ be the set of all Dirac
measures in M(G). G5 is homeomorphic to G where o is the relative o( M(G), Co(G))-
topology. Let T be the complex numbers of absolute value 1. By Proposition 3 of
[7], TG* =S¢, and an easy calculation shows that (4) is satisfied. If G is compact,
then, since G¢ is homeomorphic to G and T is compact, it follows that S¢ is
a(M(G), Co(G))-compact and hence o(M(G), Co(G))-closed. If G is not compact, let
G* be the one point compactification of G. If (x; : jeJ) is a net in G* which
converges to oo, then f(x;) =0 for each fin Co(G) so that &,, % 0. Thus the
mapping x —> &, has a continuous extension to G* and this extension is one-one
and therefore a homeomorphism of G* onto G¢ U {0}. Thus 7G¢ U {0}=S¢ U {0} is
a(M(G), Cy(G))-compact and hence o(M(G), Co(G))-closed. Thus (5) is satisfied.

We now show that (6) is satisfied. For this let p be the linear functional on M(G)
defined by p(u)=w(G). It follows easily that p is multiplicative. Note that G*
={u e S¢: p(u)=1}. Thus, choosing f~ (the complex conjugate of f) for g, (i) is
satisfied. (ii) is satisfied since Cy(G) is an algebra.

We now prove the direct statements of the theorem. We shall divide the proof
into a number of assertions.

1. A4 has a unit u; u € S¢ and S° is a group.

Since A is the dual of a Banach space, S° is not empty. Let x € S¢. Then by (4)
the mapping T, defined by T,,y=xy is an isometry of 4 onto itself, hence T; ! exists
and is an isometry. Put =T 'x; it follows that « is a left unit, and it is easily seen
using (3) that u is a unit and ||u| = 1. Kakutani has shown that the unit of a Banach
algebra is necessarily in S°. To show that S° is a group it suffices to show that if
x € A, and the mapping T,: y —> xy is an isometry of A4 onto itself, then x € S¢. For
this, suppose that y,zeS and x=wpy+(1—a)z,0<a<1. Then u=aT;'y+
(1—&)T;z. Since T, is an isometry, T, ! is also an isometry, consequently T 'y,
T;'ze S, and since u € S¢, we therefore have y=z=x.

II. For any x € S¢, p(x)” =p(x~*) and |p(x)|=1.

Since p is a multiplicative linear functional on a Banach algebra with a unit u,
we have p(u)=1 and |p|=1. Let x e S¢. Then |p(x)|<1, and, since x~! eS¢,
|p(x Y| = 1. If | p(x)| < 1,then p(u)=p(xx~*)=|p(x)| | p(x~!)| < 1, an absurdity, so
that |p(x)|=1. Then p(x)p(x)~=1=p(xx~1)=p(x)p(x~!) and therefore p(x)~
=p(x~).

We now topologize G with the relative o(4, E)-topology and, with respect to this
topology, show that G is a locally compact group.

III. G is a locally compact group and, if S¢ is o(4, E)-closed, G is compact.

Let T be the complex numbers of absolute value 1, and consider the mapping g
of Tx G into S¢ defined by g(a, x)=ax. It is easily verified that this mapping is
one-one and onto. Let S be S taken with the relative o(4, E)-topology. Since g is
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the restriction to T'x G of the mapping («, X) — ax of Cx 4, — A,, it follows that g
is continuous. It is easily verified that g is open, and consequently a homeomor-
phism of Tx G onto S&. By (5) S¢ U {0} is o(A4, E)-closed, consequently, since S is
o(4, E)-compact, S¢ U {0} is o(4, E)-compact. Therefore S¢ is locally compact.
Since Tx G is homeomorphic to S%, G is locally compact. Clearly if S¢ is o(4, E)-
closed then G is compact. By (2) multiplication is o(4, E)-continuous in each
variable separately so, by a theorem of Ellis [3], G is a locally compact group.

For f ¢ E, let f be the function on G defined by f(x)=x(f).

IV. fi— fis a norm decreasing linear mapping of E into Cy(G).

It is clear that this mapping is linear and, since ||x||<1 for x in G, we have
| £(x)| = | ]l so that || f|| < | f]|. Note that fis continuous. To show that fis in Co(G),
first note that if S¢ is compact then G is compact so that Cy(G) = C(G). If G is not
compact then S°¢ is not compact, so that 0 is a (4, E)-adherence point of S°¢
(since S U {0} is o(A4, E)-compact). Now let ¢>0 be given and suppose f#0.
Clearly U={x€ 4 : |x(f)| <&} N (S* U {0}) is an open o(4, E)-neighborhood of 0
in §¢ U {0} so that W=S¢\U is compact in S*. Since T x G is homeomorphic to S¢,
g~ (W) is compact in TxG. Let K be the image of g~*(W) by the projection
mapping Tx G — G, then K is compact in G. Thus for fe E, we have found a
compact set K such that | f(x)| <e for x ¢ K because G\K < U.

V. Let £ be the image of E in Co(G) under the mapping f+> /. E is dense in
Co(G).

If for x, y € G, f(x)=£(y) for all f'€ E, then x(f)=y(f) for all f € E; hence x=3y,
so that £ separates the points of G. If x € G, then x#0, so there is an f € E such that
x(f)#0, i.e., f(x)#0. Thus, given x € G, we can find an fc £ such that f(x)+0.
Further, for any fe E, by (6)(i), there is a g € E such that x(g)=x(f)"; i.e., §(x)
=f(x)~ for all x € G. By (6)(ii), £ is a subalgebra of C,(G). Thus E is a subalgebra
of Cy(G) which separates the points of G, does not vanish at any point of G, and
is closed under complex conjugation; hence the Stone-Weierstrass theorem applies,
and we may conclude that E is dense in Co(G).

Let 6 be the adjoint of the mapping of f— £, i.e., 6u(f)=u(f) for pe Co(GY
= M(G) and f € E. Note that 0e,=x, so that by the linearity of 6 we have

*) 6(? aafx,) = Z’:aix,-.

VI. 0 is a norm decreasing one-one linear mapping of M(G) into A, and 0 is
continuous as a mapping of M(G), into A,.

This follows from IV, V, and the general properties of adjoint mappings.

Let S™ be the unit ball of M(G).

VII. (8*), is homeomorphic to S,, and 6 is an isometry of M(G) onto A.

Since (S™), is compact, and 6 is one-one and continuous, to prove the first
assertion, it suffices to show that 8(S™)=S. By VI, 8(S¥) =S so it suffices to show
that 6(S™)=S. For this let x € S, then since S is convex and o(4, E)-compact, the
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Krein-Milman theorem [1, Chapitre 2] applies and there is a net (x; : j€J) such
that x; _° xand x;=>;L, a; ;X; ;, where >iZ, a; ;=1, a; ;>0 and the x; ; are extreme
points of the unit ball in A. Putting y; ;=x; ;/p(x; ;), we have y; ;€ G for any i, j.
Considering u;= >/’ 1 a; ;p(x; ;)e,, , We see that p; is an element of the unit ball S¥
of M(G) for each j and Tu,;=x; by (*). Since S™ is o(M(G), Co(G))-compact, there
isa pu € SM and there is a subnet (u;;,) < (1) such that u,g;, % p. Since 6is continuous
as a map of M(G), into 4, we havethat Ou;,, % Ou. (x;4) S (x;), and Oy = X4y % X,
it follows that 6= x. This shows 6 maps S™ onto S and hence is a homeomdrphism
because SM and S are compact. Hence § maps M(G) onto A.

To show that 6 is an isometry suppose there is a u € M(G) such that ||u| < [x|.
Since SM is mapped onto S and 6 is one-to-one, |0 *|<1. Thus |u|=]0"6u|
< |6u] < ||, a contradiction.

Finally in order to show that A is isometric and isomorphic to M(G), we have to
show the following:

VIII. For u, A € M(G), 6(p * A)=6ubA.

First let u, A € V (the linear span of the Dirac measures). Then p=>7.; a;¢,, and
A=>7_, by, where a;, b, are complex numbers. We have

poE A= Z z abjex, * &, = z Z dibjexm

i=1j=1 i=1 j=1

so that by (*);
(&) O * 2) =

\%E

; gl aiijiyJ' = (Z a,x,)(z biyi) — (OM)(GA),

Now let u, A € M(G), then by Proposition 1 of [7] there are nets (u; : j€J),
(A : ke K)in V such that u; _°, pand A, _° A Then since multiplication in M(G) is
separately o(M(G), Co(G))-continuous, we have p % A=1lim, (lim, x; * A). Since 6
is continuous M(G), — A, we have

O(p * X)) = llgn 0(11’1;0 My * /\k) = 11;11 (lllr‘n O(p; * Ak))

1

= lijm (li}{n O,Lj(?)\k)

by the (¥) above. By hypothesis (2) of the theorem, multiplication in 4 is o(4, E)-
continuous in each variable separately, thus lim, (lim, Tu,TA,)=lim; Tpu,TA=TuTA
which proves the assertion.

Thus A is isometric and isomorphic to M(G). The uniqueness of G is a con-
sequence of Theorem 1 of [7].

We now examine those Banach algebras which satisfy conditions (1)-(5) of
Theorem 1. We begin with some preliminary results. The following proposition is
due to Greenleaf, and has appeared in [4] in a less general form.

PROPOSITION 1. Let E be a Banach space and let N be a o(E’, E)-closed subspace
of the dual E’ of E. Let w be the canonical mapping E' — E’|N; then = maps the unit
ball of E' onto the unit ball of E'|N.
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Proof. Since N is o(E’, E)-closed, N is norm closed so that E’/N is a Banach
space with the norm of an element #(x) given by

¢y |mCo)ll = inf {|x+n| : ne N} = |x|.
Hence || x| <1 implies |7(x)| £ 1, i.e. 7 maps the unit ball of E’ into the unit ball of

E’/N. To show that = is onto, let n(x) € E'/N with |=(x)|<1. By (1) there are
x; € x+ N such that
”xf” s "ﬂ(x)"-l-l/j”X”, J=12...

The sequence (x; : j=1, 2, ...) is then norm bounded and therefore contained in a
o(E’, E)-compact subset of E’. Thus thereisa y € £’ and a subsequence (x;;,) < (x;)
such that x;4;_% y. Since N and hence x+ N are o(E’, E)-closed, y € x+ N and
therefore #(y)=m(x). Since the norm is o(E’, E) lower semicontinuous, we have
| ¥ £lim inf | x;4] £ |m(x)| £1. Thus for each element #(x) of the unit ball of
E’/N there is an element y of the unit ball of E’ such that =(y)=m(x).

The next proposition is also due to Greenleaf [4] in the case where G is a compact
group. It should be noted that our proof is new and somewhat simpler than his.

PROPOSITION 2. Let G be a locally compact group; N a o(M(G), Co(G))-closed
two-sided ideal in M(G); S¢ (resp. S™) the set of extreme points of the unit sphere of
M(G) (resp. M(G)/N), and = the canonical mapping M(G) — M(G)/N. Then
m(S€)=S"

Proof. We first show that S* = #(S°¢). Recall that M(G)/N can be identified with
the dual of N° the polar of N in Co(G), [1, Chapitre IV]. If G is not compact, let G®
be the one point compactification of G, and if G is compact put G* =G. Consider
N°<= C(G®); N is a(Co(G), M(G))-closed and hence norm closed. Let u € %, then
by [2, V.8.6], there is a complex number ¢, |c¢|=1 and an x in G such that u(f)
=ce,(f) for fin N° and this means that ce, € w~*(u). By [7, Proposition 3]
ce, € 8¢, thus S* < #(S°).

If u € S°, then the mapping A+ p * A is an isometry of M(G) onto itself and it
follows that =(u) has the analogous property in M(G)/N since = is norm decreasing.
It follows as in the proof of I of Theorem 1 that #(y) is in S*. Thus #(S¢)=.S".

THEOREM 2. Let A be a Banach algebra which satisfies conditions (1) to (5) of
Theorem 1. Then there is a locally compact group G, and a o(M(G), Co(G))-closed
two-sided ideal N in M(G) such that A is isometric and isomorphic to M(G)/N.
Conversely if N is a o(M(G), Co(G))-closed two-sided ideal in M(G), then M(G)/N
satisfies (1) to (5).

Proof. Let S and S¢ be as in Theorem 1, and take G to be S?, then G is a locally
compact group (see the proof of Theorem 1). For fin E, let f be the function on G
given by f(x)=x(f). Then f— fis a norm decreasing linear mapping of Einto Co(G)
(see the proof of IV in Theorem 1). Let 6 be the adjoint of f— £, then we have that 6
is a norm decreasing and continuous linear mapping of M(G), onto A4,. The argu-
ments to show that 6(u * A)=0ubA and 6(S™)=S are similar (and easier) than those
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used in the proofs of VII and VIII of Theorem 1. Now let N=Xker 6, then N is a
weakly closed two-sided ideal in M(G). Let = be the canonical mapping M(G)
— M(G)/N and let ¢’ be the mapping M(G)/N — A such that =26 o =. Clearly ¢’
is one-one and onto. We now show that 8’ is an isometry. By Proposition 1,
w(S™) is the unit sphere in M(G)/N and since 8(S™)=S we have §'(z(S¥))=S, i.e.,
6’ maps the unit sphere of M(G)/N onto the unit sphere of 4. Thus ||6'||<1 and
|6’-| =1, and this means that 6’ is an isometry (see the calculation used in the
proof of Theorem 1). This completes the proof of the first assertion.

Now let N be a o(M(G), Co(G))-closed two-sided ideal in M(G). We shall show
that M(G)/N satisfies (1) to (5) of Theorem 1. M(G)/N may be identified with the
dual of N°. Since N° is o(Cy(G), M(G))-closed in Cy(G), N° is norm closed and
therefore a Banach space. Thus (1) is satisfied. To show that (2) is satisfied note that
since N° is o(Cy(G), M(G))-closed and since N°° = N, the o(M(G)/N, N°)-topology
equals the quotient weak topology on M(G)/N. Thus it suffices to show that for
A e M(G)/N, the mapping i — A is continuous in the quotient weak topology and
this is true because the quotient of a topological algebra is a topological algebra.
Let S¢ (resp. S™) be the set of extreme points of the unit ball of M(G) (resp.
M(G)/N). Let € S*, then by Proposition 2 there is a p € S¢ such that #w(u)=p.
It follows that (3) and (4) are satisfied. To show that $* U {0} is o(M(G)/N, N°)-
closed, note that = is weakly continuous, hence since S¢ U {0} is weakly compact,
and since m(S¢)=S8"; 7(S* U {0})=S" U {0} is o(M(G)/N, N°-compact and hence
o(M(G)/N, N°)-closed, so that (5) is satisfied.

REMARK. We now give an example of a Banach algebra satisfying conditions
(1)-(5) of Theorem 1 but which does not satisfy (6). Let T be the circle group and
let

N = HYT) = {p.eM(T) : fe“"" duw(0) =0 foralln > 0}~

Then N is a o(M(T), C(T))-closed ideal, so that by Theorem 2, M(T)/N satisfies
(1)—(5). Since M(G)/N is also semisimple and commutative, there are multiplicative
linear functionals on M(T)/N. Let = be the canonical mapping M(T) — M(T)/N.
If there were a locally compact group G and an isometric isomorphism 6: M(T)/N
— M(G) then 0 o7 would be a norm decreasing homomorphism of M(T) onto
M(G). Itis shown in [7; §4] that 6 o #(LY(T)) =L*(G). In [4; §2] Greenleaf has shown
that =(L(T)) is not isometrically isomorphic to the group algebra of any locally
compact group. Consequently M(T)/N cannot be the measure algebra of a locally
compact group.
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